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Abstract

We investigate structural relationships between recently introduced matching-based
parameters in Machine Teaching, focusing on the Saturating Matching Number (SMN),
Greedy Matching Number (GMN), and Antichain Matching Number (AMN). The con-
nection to matching arises from viewing Teaching Dimension as an injective mapping
from concepts to small labeled sample sets. We present a unied framework that links
these teaching complexity parameters with other combinatorial parameters, enabling
a systematic comparison with classical measures such as VC-dimension (VCD), Recur-
sive Teaching Dimension (RTD), and Subset Teaching Dimension for minimum sets
(STDmin). Within this framework, we establish a hierarchy of inequalities among the
parameters. We further analyze key structural properties, including class- and domain-
monotonicity under alternative non-collusion teaching constraints, and characterize the
behavior of the parameters on canonical concept classes such as the power-set. Finally,
we study their behavior under class composition, identifying conditions for additivity,
sub-additivity, and super-additivity. Our results contribute to a deeper understanding
of the combinatorial foundations of machine teaching and its connections to classical
learning-theoretic complexity measures.

1 Introduction

I    machine learning [19]       C  
,     c ∈ C        
         . T   
  ( )        X  
 ( 1)    ( 0). I    machine teach-
ing,      Sc         
 . T  Sc          c    C,  
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            (  )  
c. A            teaching dimension  
 C, ..    k      c ∈ C     
Sc     k     c.

I  ,           
  [15],  AI [24],   [23],   [21]
  AI [22]. V       , .. 
    [8],     [1],   [25],
-  [7], -  [3],   [5],   
         . O    
              
      ,  VC- [20],
      [11],        [6].
A             RTD   
  VC- VCD,         [9].

I      ,        
            [4,
12, 17]. T      :      
    C            k,  
     C      k  ,  
    1. F    C,     
   MAP- MLE-     JMLR-
 2024 [17]          S M N
SMN(C). T  ,     G M N GMN(C), 
   ML-  2026 [4]         
G ,    ,     A M N
AMN(C),     NIPS-  2022 [12]       
        . I S 2  
    SMN,GMN  AMN      ,
       . W   
      SMN′, GMN′  AMN′  
      ,      - 
VC- VCD [20]  R T D RTD [25]. F,   
    ,  S T D   
STDmin,     [12]    ()   -
 VCD.

T          (..    
        ’    ’ )
       G-M   -
  1995[8]. R,   [4, 12]      
       ,      -

1Exact denitions will be given in the next section.
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VCD,RTD

GMN′

GMN

SMN

SMN′

AMN

AMN′

STDmin

F 1: T  :   Y → Z    Y (C) ≤ Z(C) 
      C      (    C).

. I ,  STDmin         
-, -,       [12].

T        . I S 2    
  . I S 3    ≤- 
 ,      2024 ICML- [18]   
      SMN′. T   , 
SMN-GMN-AMN    ,    F. 1. I S 4   
             
 [12],    -  -. I S 5  
                
 -,          . I S 6,  
       (. -  -)   
    . W    S 7     
SMN-GMN-AMN          .

2 Preliminaries

W        . L X       2X

      c : X → 0, 1. A  C ⊆ 2X    concept class
over the domain X = (C). A  S = (x1, b1),    , (xm, bm)  m  
(xi, bi) ∈ X × 0, 1    labeled sample of size S = m. A  c ∈ C  
  consistent with S  c(xi) = bi  i = 1,    ,m. A   S    
realizable by C  C        S. A C-saturating matching
   M     c ∈ C    M(c)    
:  c    M(c);  c ̸= c′ ∈ C   M(c) ̸= M(c′). T
cost of M               M  
    C, .., (M) = c∈C M(c). A C-  M ′  
 direct improvement   C-  M  M ′   M   
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  c  M ′(c) < M(c). A C- M   greedy   
    .

S  P    ,     C,   C-
 M . P     greedy         ,  
  c ∈ C,    M(c) = S  S      
 :

1. T  c    S.

2. T   S   , ..,        
 .

3. A        , S    .

A       . F,       
   . S,   , P     
      . T       
,             
    ,        - .
W  , P     ,    
       . G C-  
        :

Remark 2.1. A C-saturating matching is greedy i it is a possible output of a greedy pro-
cedure.

T      M          
            M  ,  
                
 . I  ,   X        
 C. T      . W       
   .

SMN: T saturating matching number of C,   SMN(C),      
C- . T      [17]. I 
    MAP- . MLE- . S [17]  .

SMN′: H         . W  SMN′(C)
    d      C-     
d       C.

AMN: T antichain matching number of C,   AMN(C),      -
 C-      . T  
     [12]. A   [12],  -  
            ( 
           ).

4



AMN′: W            
. W  AMN′(C)     d    C-
     d      C.

GMN: T  GMN(C),    [4]     -
  ,           C-
. I             C-
  SMN(C).

GMN′: W  GMN′(C)     d  
d

i=0

X
i


≥ C.

VCD: P x1    , xr ∈ X     shattered by C ,     b1,    , br ∈
0, 1,    (x1, b1),    , (xr, br)  C-. T    
     C    VC-dimension of C    VCD(C).
T VC-     [20].

RTD: B RTD(C),    - recursive teaching dimension of C. W  
      RTD   ,     
 [25, 2]   .

STDmin: A  M = (Mk)k≥0  C-     subset teaching
sequence for C    :

1. M0(c) = (x, c(x)) : x ∈ X   c ∈ C.

2. Mk+1(c) ⊆ Mk(c)   k ≥ 0   c ∈ C.

3. Mk+1(c) ̸⊆ Mk(c
′)   k ≥ 0   c′ ̸= c ∈ C.

L
k∗(M) = k : ∀k′ ≥ k, c ∈ C : Mk′(c) = Mk(c) 

W  (M)       Mk∗(M). F,  

STDmin(C) = (M) : M       C 

T     [12]. I     B’ [1] -
.

3 A First Look at the SMN-GMN-AMN Hierarchy

H      (  )        SMN-GMN-
AMN :

1. SMN(C) ≤ GMN(C)  SMN(C) ≤ AMN(C).
Reason: N        .
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2. SMN′(C) ≤ SMN(C).
Reason: LM   C-    SMN(C). T  M(c)
 c ∈ C  C-. I      C-  
   SMN(C)       C. T   SMN′(C) 
  SMN′(C) ≤ SMN′(C).

3. AMN′(C) ≤ AMN(C).
Reason: L M   C-    AMN(C)    
. T   M(c)  c ∈ C  C-    
  C. T   AMN′(C)    AMN′(C) ≤ AMN(C).

4. GMN(C) ≤ GMN′(C).
Reason: S d := GMN′(C)  X := (C). I  

d
i=0

X
i


≥ C.

L M   C-    d′ > d. P   c0 ∈ C 
 M(c0) = d′. F  ,      
x1,    , xr   r ≤ d    c ∈ C M(c) = (x1, c(x1)),    , (xr, c(xr)).
LM ′     M  M ′(c0) = (x1, c0(x1)),    , (xr, c0(xr)).
T M ′   C-      M . W  -
    C-     d  . H
GMN(C) ≤ GMN′(C).

5. SMN′(C) ≤ AMN′(C)
Reason: I  C-      d     
C , ,    C-      d  
  C. T  SMN′(C) ≤ AMN′(C)     
  SMN′(C)   AMN′(C).

6. AMN(C) ≤ STDmin(C)  STDmin(C) ≤ VCD(C),RTD(C).
Reason: I          M = (Mk)k≥0

(     [12] )    Mk  C-   
 . H AMN(C) ≤ STDmin(C). I     [12]
 STDmin(C)   VCD(C)  RTD(C).

7. GMN′(C) ≤ VCD(C),RTD(C).
Reason: A  S’ L [14, 16],   

VCD(C)
i=0

X
i


≥ C.

T      RTD(C)    VCD(C) [13]. T 
GMN′(C) ≤ VCD(C)  GMN′(C) ≤ RTD(C)      
 GMN′(C).

8. I SMN′(C) ≤ X 5,  GMN′(C) ≤ 2 · SMN′(C).
Reason: F   ,  n = X. L d      
2d · d

i=0


n
i


≥ C. S    C-      d 

   
d

i=0 2
i ·


n
i


≤ 2d ·d

i=0


n
i


,      
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SMN′(C)  SMN′(C) ≥ d. I     GMN′(C) ≤ 2d. W 
 

2d

i=0


n

i


≥ 2d ·

d

i=0


n

i


 (1)

T  2d · d
i=0


n
i


≥ C,     GMN′(C) ≤ 2d. W  (1)

  

∀i = 0,    , d :


n

d+i



n
i

 ≥ 2d 

E   ,   (  )


n
d+i



n
i

 =
(n− i)(n− i− 1)    (n− i− d+ 1)

(d+ i)(d+ i− 1)    (i+ 1)
=

n− i

d+ i
· n− i− 1

d+ i− 1
·    · n− i− d+ 1

i+ 1


G    d ≤ n5,    d       
    2,    .

9. I SMN′(C) ≤ X 5,  GMN(C) ≤ 2 · SMN(C).
Reason: T        : GMN(C) ≤
GMN′(C) ≤ 2 · SMN′(C) ≤ 2 · SMN(C).

3.1 Bounding AMN′ by GMN′

T     AMN′(C) ≤ GMN′(C)        
    .

T (k, n)-family         C  C = k   (C) =
n. W     Ck,n.
Example 3.1. For k ≥ 2 and n ≥  k, we denote by Ck,n the concept class in Ck,n given
by Ck,n = c0, c1,    , ck−1, with (Ck,n) = x0, x1,    , xn−1 and ci(xj) being the j-th bit
in the binary representation of i. Formally

∀i = 0, 1,    , k − 1, j = 0, 1,    , n− 1 : ci(xj) =


i

2j


 2

I      Ck,n- :

Remark 3.2. A labeled sample S over (Ck,n) is Ck,n-realizable i


j:(xj ,1)∈S 2
j ≤ k− 1.

A      ,   Ck,n ∈ Ck,n   
       :

Theorem 3.3 (M T  [18]). For each 1 ≤ d ≤ n, the number of C-realizable
samples of size d, with C ranging over all concept classes in Ck,n, is minimized by setting
C = Ck,n.

2

2The main theorem in [18] is not stated in this form, but it is equivalent to what is claimed in Theorem 3.3.
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S   Ck,n         d     
   d,      :

Corollary 3.4. SMN′(C) with C ranging over all concept classes in Ck,n, is maximized by
setting C = Ck,n.

H   (   C 3.4)   T 3.3:

Theorem 3.5. For each concept class C, we have that AMN′(C) ≤ GMN′(C).

Proof. F    C,  AMN′′(C)     d   
 C  C-     d. S      
   ,    AMN′(C) ≤ AMN′′(C). I   
 ,     C,    AMN′′(C) ≤ GMN′(C). L C0  
    . W 

k := C0 , ℓ :=  k  n :=  (C0) 

N  k ≤ 2n       2n       
n. B , GMN′(C0)     d  

d
i=0


n
i


≥ k. N 

GMN′(C)            Ck,n. S
GMN′(C0) = GMN′(Ck,n). O   ,     T 3.3 ( 
            ) 

AMN′′(Ck,n) = AMN′′(C) : C ∈ Ck,n 

T,     AMN′′(Ck,n) ≤ GMN′(Ck,n),    

AMN′′(C0) ≤ AMN′′(Ck,n) ≤ GMN′(Ck,n) = GMN′(C0) 

I       AMN′′(Ck,n) ≤ GMN′(Ck,n). W   
    .

Claim 1: GMN′(Ck,n) ≤ ℓ.

Proof of Claim 1: S k ≤ 2n,    n ≥  k. T  n → ℓ
i=0


n
i



    n. B   n =  k,   

S :=

ℓ

i=0

 k
i


≥ k

   :

• I k     2,  ℓ =  k =  k , , S = 2ℓ = k.

• I k      2,  ℓ =  k   k = ℓ + 1. T  
S = 2ℓ+1 − 1 > 2log k − 1 = k − 1 ,  S   ,   
S ≥ k.
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I      GMN′(Ck,n) ≤ ℓ.

Claim 2: F  d ∈ [ℓ],      f    -
      d  3 X = x0, x1,    , xn−1   ()
Ck,n-     d.

Proof of Claim 2: L U ⊆ X         d. W  f(U)
  ( )       U  :

1. F  xj ∈ U  ℓ ≤ j ≤ n− 1,  (xj , 0)  f(U).

2. F  xj ∈ U  0 ≤ j ≤ ℓ− 1,  (xj , 1)  f(U).

3. W f(U) < d,    xj  x0,    , xℓ−1 \ f(U)  
(xj , 0)  f(U).

I   ,  S 3,   f(U)    d. M



j:(xj ,1)∈U
2j ≤

ℓ−1

j=0

2j = 2ℓ − 1 ≤ k − 1 ,

,   R 3.2,   f(U)  Ck,n-. F 
 U     f(U):

U = xj : (ℓ ≤ j ≤ n− 1  (xj , 0) ∈ f(U))  (0 ≤ j ≤ ℓ− 1  (xj , 1) ∈ f(U) 

H f  ,      C 2.

T   T 3.5      . S d := GMN′(Ck,n). T
    k        d   X . T 
C 1,    d ≤ ℓ. T  C 2,        
 k   Ck,n-    X ,     d. T
  AMN′′(Ck,n) ≤ d.

4 Monotonicity Considerations

W   (C ′, X ′)   extension of (C,X)  C ⊆ C ′  X ⊆ X ′. I C ⊊ C ′ 
X = X ′,     class extension. I X ⊊ X ′, C = cX : c ∈ C ′  C = C ′,  
  domain extension. N    C = C ′   X distinguishes
between the concepts in C ′, ..,

∀c1, c2 ∈ C ′ : c1 ̸= c2 ⇒ c1X ̸= c2X  (2)

A   Y (C),      C,     class
monotonic ,     (C ′, X)  (C,X),    Y (C) ≤ Y (C ′). I 
   domain monotonic ,     (C ′, X ′)  (C,X),   
Y (C ′) ≤ Y (C).

3We talk here about the domain of Ck,n.
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    R

VCD  4  
RTD   [2]

VCD,RTD    
STDmin   [12]
AMN    
AMN′    
GMN′    
GMN    
SMN    
SMN′    

T 1: M       SMN-GMN-AMN .

Theorem 4.1. The monotonicity properties of the parameters in the SMN-GMN-AMN hi-
erarchy are as it is shown in Table 1 below.

Proof. T    VCD, RTD  STDmin   . W  
     T 1   .

min{VCD,RTD}: S Y = VCD,RTD. F  ,   -
  :  Z1  Z2   (. ) ,  Z1, Z2 
 (. ) . S Z1 = VCD  Z2 = RTD,    Y
  .
I     Y    ,        C ′

  X ′ = x1,    , x5, x6       :

C ′ x1 x2 x3 x4 x5 x6

c1 1 1 0 0 0 0
c2 0 1 1 0 0 0
c3 0 0 1 1 0 1
c4 0 0 0 1 1 0
c5 1 0 0 0 1 1
c6 0 1 0 1 1 0
c7 0 1 1 0 1 1
c8 1 0 1 0 1 1
c9 1 0 1 1 0 0
c10 1 1 0 1 0 1

4VCD is domain monotonic in the other direction: for each domain extension (C ′, X ′) of (C,X), we have
that VCD(C) ≤ VCD(C ′).

10



T    X = x1,    , x5       5  
       W’ 5    CMW . C
(C ′, X ′)      (CMW , X). T  CMW    
VCD(CMW ) = 2  RTD(CMW ) = 3.

Claim: VCD(C ′) = RTD(C ′) = 3.

Proof: C VCD(C ′) ≤ 3  VCD(C) = 2     
  (: x6)    VC-    1. A -
   -      VCD(C ′) ≥ 3. H
VCD(C ′) = 3.
S RTD   ,    RTD(C ′) ≤ RTD(C) = 3. A
   RTD(C ′) ≤ 2. T    

C ′
0 = c ∈ C ′ : c(x6) = 0 = c1, c2, c4, c6, c9

C ′
1 = c ∈ C ′ : c(x6) = 1 = c3, c5, c7, c8, c10

            
. A       C ′

0  C ′
1    

       :

C ′
0 x1 x2 x3 x4 x5 x6

c1 1 1 0 0 0 0
c2 0 1 1 0 0 0
c4 0 0 0 1 1 0
c6 0 1 0 1 1 0
c9 1 0 1 1 0 0

C ′
1 x1 x2 x3 x4 x5 x6

c3 0 0 1 1 0 1
c5 1 0 0 0 1 1
c7 0 1 1 0 1 1
c8 1 0 1 0 1 1
c10 1 1 0 1 0 1

W      Y (C) = 2 < 3 = Y (C ′). T Y   
.6

AMN: L (C ′, X)      (C,X). L M   C ′-  
 d     . T MC   C-   
  d     . T   AMN   .
L (C ′, X ′)      (C,X). LM   C-   
d     . L M ′      M ′(c′) = M(c′X).

B  (2) M ′   C ′- . M M ′      
M       M . T   AMN  
.

5This class was designed by Manfred Warmuth so as to provide a simple class for which the RTD exceeds
the VCD.

6It is easy to nd pairs (C ′, X ′) and (C,X) such that (C ′, X ′) is a domain extension of (C,X) and
Y (C) > Y (C ′). Thus extending the domain can have eects in both directions: it can lead to a greater value
of Y = minVCD,RTD, but it can also lead to a smaller value.
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AMN′: T     AMN′    . C 
  C = C16,9. I  18    1   13    
 C. S 13 < 16 = C,   AMN′(C) ≥ 2. L C ′     
C    - . C ′    17    18    1 
 (,  ,    ). H AMN′(C ′) = 1,   
   .
L (C ′, X ′)      (C,X). R     C =
C ′. L A      C   C-     
d   X . T A       C ′   C ′-
     d   X ′ (       
 X ′ \X). T   AMN′   .

GMN′: L (C ′, X)      (C,X). T C ′ > C. C
d

i=0

X
i


≥

C  d
i=0

X
i


≥ C ′. T GMN′   .

L (C ′, X ′)      (C,X),    C ′ = C 
X ′ > X . C

d
i=0

X ′
i


≥ C ′  d

i=0

X
i


≥ C. T   GMN′ 

 .

GMN: L (C ′, X)      (C,X). LM    C- 
  d. I     ,       C ′-
  M ′     d. T  ,    
C ′-  M ′:

1. F  c ∈ C,  M ′(c) = M(c).

2. I   c′ ∈ C ′ \ C   . F   c′ ∈ C ′ \ C,  
   S ′        c′  
       . S M(c′) = S ′.

C    M ′  -     M . B , M ′ 
      c′ ∈ C ′ \ C. T     
c ∈ C,      M ′  c      
M  C,     M  . I     
M ′    C ′-      d. T   GMN  
.
L (C ′, X ′)      (C,X),    X ⊊ X ′. F 
c′ ∈ C ′,  c = c′X      C. A   
 c′1, c

′
2, c

′
3        C ′       S1, S2, S3,    

  -   C ′-   X ′. L M ′   
 C ′-    d′   . I    
,          C   
     d′. T  ,     c1, c2, c3     
  C. F,     C-   X (
  C ′-!)      S1, S2, S3,        
       X ′ \X . L M    
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C- . I           i ∈ [m]: 
M(ci) = Sj  M ′(c′i) = Sj′ ,  j′ ≤ j. T       M ı́
     d′  M ′. H GMN   .

SMN: L (C ′, X)      (C,X). I M ′   C ′-   
d′,  M = MC   C-    d ≤ d′. T   SMN
  .
L (C ′, X ′)      (C,X). I M   C- , 
M ′  M ′(c′) = M(c)  c = c′X   C ′-     . T
  SMN   .

SMN′: T  , C = C16,9,        AMN′  
         SMN′    . T
 19      1 (   )   14   
  C. S 14 < 16 = C,    SMN′(C) ≥ 2. L  C ′  
   C    - . C ′    17    19
     1  . H SMN′(C ′) = 1,    
  .
L (C ′, X ′)      (C,X). E C-   
X    ( ) C ′-    X ′. T  
SMN′(C ′) ≤ SMN(C). T SMN′   .

T     T 4.1.

5 Evaluation of the Parameters on the Powerset

T              
 ,       X = x1,    , xn. T   
  Pn   . N  Pn = 2n, VCD(Pn) = n     
  Pn. I     RTD(Pn) = n [2]   STDmin(Pn) = n [12]. H
   :

1. AMN(Pn) = AMN′(Pn) = 

d : 2d


n
d


≥ 2n


.

Reason: A   [12],  d ≤ 12      
       d           
d,        . T    2d ·


n
d


. T

   . I     [12]     Pn-
            AMN′(C).
T    .

2. F     n,    022 · n < AMN(Pn) < 023 · n.
T     [12].
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3. SMN′(Pn) = 

d :

d
i=0 2

i

n
i


≥ 2n


.

Reason: T    n = X , Pn = 2n,   
d

i=0 2
i

n
i




        d (      Pn)  
    SMN′.

4. GMN′(Pn) = 

d :

d
i=0


n
i


≥ 2n


= n.

Reason: T      n = X , Pn = 2n    
  GMN′. T        .

A   ,         
   :

Theorem 5.1. For all but nitely many n, we have that AMN(Pn) − 1 ≤ SMN′(Pn) ≤
SMN(Pn) ≤ AMN(Pn).

Proof. A  ,   SMN′(C) ≤ SMN(C) ≤ AMN(C)    
  . I      SMN′(Pn) ≥ AMN(Pn) − 1, 
,  AMN(Pn) ≤ SMN′(Pn) + 1. S D = [n]. S

SMN′(Pn) = 


d ∈ D :

d

i=0

2i

n

i


≥ 2n


(3)



AMN(Pn) = AMN′(Pn) = 


d ∈ D : 2d


n

d


≥ 2n


, (4)

    

2d+1


n

d+ 1


≥

d

i=0

2i

n

i


 (5)

T  ,  

Φd(n) =

d

i=0


n

i


 t(n) =


n3  n ≤ 12

n3+ 1  n > 12


A   [10],  

n
d


   Φd−1(n)  :

∀d = 1,    , t(n) :


n

d


≥ Φd−1(n)  ∀d = t(n) + 1,    , n :


n

d


< Φd−1(n) 

U    d+ 1 ≤ t(n),  


n
d+1


≥ Φd(n)  

2d+1


n

d+ 1


≥ 2d+1Φd(n) = 2d+1 ·

d

i=0


n

i


>

d

i=0

2i

n

i



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T   (5)           d + 1 ≤ t(n).
T      . W  ,      n, 
  SMN′(Pn) ≤ AMN(Pn) < 023 · n < n3 < t(n). I  ,    
 n,   (3)  (4)       D = [1 : t(n)− 1]. H  
    d+ 1 ≤ t(n).

B  ,  , ,       
 T 5.1     n ≥ 15.

Theorem 5.2. Let H(p) = p · (p) − (1 − p) · (1 − p) be the binary entropy function
and let p∗ be the unique solution to the equation H(p) = 1 − 2p subject to p < 12, and let
0 < p0 < p∗. Then GMN(Pn) ≤ (1− p0) · n holds for all but nitely many n.7

Proof. F        Pn       
-      X     Pn- 
 M   GMN(Pn). W    M     :  
0 ≤ j ≤ GMN(Pn),     j       C   M -.
L Sr (. S≤r)        r (.     r). W 

r∗ := 


r :

r

j=0

2j ·

n

j


≤ 2n−r




T            .

Claim 1: E   S≤r∗   M -.

Proof of Claim 1: L’        M -    
S ∈ S≤r∗    . T         
-  S≤r∗ \ S ≤

r∗
j=0 2

j ·

n
j


− 1 ≤ 2n−r∗ − 1. H    

   2n−r∗    S       S  
  M -. S        S≤r∗ , C 1
.

Claim 2: S  r        S≤r   M -. S-
  q    

q−1

i=0


n

i


+

r

j=0


n

j


≤

r

j=0

2j ·

n

j


 (6)

T GMN(Pn) ≤ n− q. I  GMN(Pn) ≤ n− r − 1.

7numerical calculations reveal that p∗ > 0.17 so that we can choose p0 = 0.17 and obtain GMN(Pn) ≤
0.83n.
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Proof of Claim 2: W  d = n− q. W       c ∈ Pn 
 M -   1,    , d. F   ,    
    c0 = X (    1     X).
I       C 2,       
 d. W       type A     1- .
T        type B. T    A   
     c0. W        r:

• T     M-   B     
  B  S≤r,     

r
j=0 2

j

n
j


−r

j=0


n
j


.

• E1 := 2n −
r

j=0 2
j

n
j


−r

j=0


n
j


      .

T      A  

E2 :=

d

j=0


n

j


= 2n −

n

j=d+1


n

j


= 2n −

n−d−1

j=0


n

j


= 2n −

q−1

j=0


n

j


 (7)

N  E1 ≤ E2    (6). S q,  ,     
 (6)  ,     E1 ≤ E2. W  E1 ≤ E2 ?
I        Pn \ c0      
   B          A. S c0  
     A,    c0    M -   d (
    ). H GMN(Pn) ≤ d = n − q, F   (6)  
   q = r+1. H GMN(Pn) ≤ n− q− 1,    
 C 2.

L r       

r + 1 ≤ n

3
 2r+2 ·


n

r + 1


≤ 2n−r 

T  r+1 ≤ n3  


n
r+1


≥ r

j=0


n
j


  2r+2 ·


n

r+1


>

r
j=0 2

j ·

n
j


.

A      r∗   r ≤ r∗. W     C 1
    S≤r  M -. S p := r+1

n
.     

  :

2r+2 ·


n

r + 1


≤ 2n−r ⇔


n

r + 1


≤ 2n−2r−2 ⇔


n

pn


≤ 2n−2pn ⇔ 1

n



n

pn


≤ 1− 2p 

I     1
n



n
pn


  H(p)  n   . L p∗ < 12  

     H(p) = 1− 2p. F   0 < p0 < p∗. T 
     . T  p0 < p∗  

1
n



n

p0n


< 1 − 2 · p0

  n   . T    ,  r′0   r′0+1 = p0 ·n,
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   2r
′
0+2 ·


n

r′0+1


< 2n−r′0 . S r0 = r′0,   2r0+2 ·


n

r0+1


< 2n−r0 . A

 C 2,  

GMN(Pn) ≤ n− r0 − 1 = n− r′0 − 1 = n− r′0 + 1 = n− p0n = (1− p0)n 

T     T 5.2.

6 Additivity Considerations

Denition 6.1. Suppose that C1 is a concept class over domain X1, C2 is a concept class
over domain X2 and X1 X2 = ∅. The   of C and C ′, denoted by C1 ⊔ C2,
is then given by

C1 ⊔ C2 := c1  c2 : c1 ∈ C1 and c2 ∈ C2 

A combinatorial parameter Y is said to be - (resp. -) if

Y (C1 ⊔ C2) ≤ Y (C1) + Y (C2) (8)

(resp. Y (C1 ⊔ C2) ≥ Y (C1) + Y (C2)) holds for each free combination of two concept classes
C1 and C2. If (8) holds with equality for each free combination of two concept classes, then
Y is said to be ,

T           T 2 .

 - - R

VCD     
RTD    [2]

VCD,RTD     
STDmin     
AMN     
AMN′     
GMN′     
GMN  ?   
SMN     
SMN′     

T 2: A       SMN-GMN-AMN .

Remark 6.2. VCD and RTD are known to be additive.

T  ,      a, b, c, d      
:

a+ b, c+ d ≥ mina, c+b, d  (9)

T     a < c  b > d. M,      Y, Z 
incomparable    C,C ′  Y (C) < Z(C)  Y (C ′) > Z(C ′)
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Remark 6.3. 1. If Z1 and Z2 are super-additive, then Y := Z1, Z2 is super-additive
too.

2. If Z1 and Z2 are additive and incomparable, then Y := Z1, Z2 is not additive.

Proof. C     C1  C2   . T:

Y (C1 ⊔ C2) = Z1(C1 ⊔ C2), Z2(C1 ⊔ C2)
≥ Z1(C1) + Z1(C2), Z2(C1) + Z2(C2)
(∗)
≥ Z1(C1), Z2(C1)+Z1(C2), Z2(C2) = Y (C1) + Y (C2) 

T       Y . T      -
  Z1  Z2. T     (∗)     (9).
T       Y . T     Y 
-. N       (∗)    C1  C2

    Z1(C1) < Z2(C1)  Z2(C2) < Z1(C2). N     
     Z1  Z2  . T,  Z1  Z2 
,  Y   .

Example 6.4. We may now conclude from the additivity and incomparability of VCD and
RTD (this is well-known) that VCD,RTD is super-additive but not additive.

Remark 6.5. STDmin is sub-additive but not additive.

Proof. C     C1  C2    X1 = (C1)
 X2 = (C2). F i = 1, 2,  (M i

k)k=0,...,k∗(i)      
 di := STDmin(Ci)  Ci. L Mk1,k2   (C1 ⊔ C2)-  
 Mk1,k2(c1  c2) = Mk1(c1)  Mk2(c2). I         
 M0,0,M1,01,    ,Mk∗(1),0    Mk∗(1),0,Mk∗(1),1,    ,Mk∗(1),k∗(2)   -
     d1 + d2  C1 ⊔ C2. H STDmin  -. L
 C1 = c0, c1, c2, c3       X1 = u, v   c0 = ∅,
c1 = u, c2 = v  c3 = u, v. L C2      X2  
X2 = a, b, c, d. T STDmin(C1) = 2  STDmin(C2) = 0. T   
   STDmin(C ⊔ C ′) = 1:

M0(c0 X2) = (u, 0), (v, 0), (a, 1), (b, 1), (c, 1), (d, 1)
M0(c1 X2) = (u, 1), (v, 0), (a, 1), (b, 1), (c, 1), (d, 1)
M0(c2 X2) = (u, 0), (v, 1), (a, 1), (b, 1), (c, 1), (d, 1)
M0(c1 X2) = (u, 1), (v, 1), (a, 1), (b, 1), (c, 1), (d, 1)
M2(c0 X2) = (u, 0), (v, 0), (a, 1)
M2(c1 X2) = (u, 1), (v, 0), (b, 1)
M2(c2 X2) = (u, 0), (v, 1), (c, 1)
M2(c1 X2) = (u, 1), (v, 1), (d, 1)
M3(c0 X2) = (a, 1)
M3(c1 X2) = (b, 1)
M3(c2 X2) = (c, 1)
M3(c1 X2) = (d, 1)
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I   STDmin   .

T  Pn    X = x1,    , xn       
 P 1

1 ⊔   ⊔P n
1  P

i
1       xi. F  ,  

  :

• I Y  ,  Y (Pn) = n · Y (P1).

• I Y  -,  Y (Pn) ≤ n · Y (P1).

• I Y  -,  Y (Pn) ≥ n · Y (P1).

Example 6.6. It is easy to check that all parameters in the SMN-GMN-AMN hierarchy eval-
uate to 1 on the class P1. We know already that GMN(Pn) and AMN(Pn) are less than n
provided that n is suciently large. Of course, the same must be true for all parameters below
GMN and AMN in the SMN-GMN-AMN hierarchy. We may conclude from this short dis-
cussion that none of the parameters GMN, SMN, SMN′,AMN,AMN′ is super-additive (which
implies that none of them is additive).

Theorem 6.7. Each of the parameters GMN′, SMN, SMN′,AMN,AMN′ is sub-additive but
not additive.

Proof. C     C1  C2    X1  X2, -
. C

C1 ⊔ C2 = C1 · C2 

T       -   :

1. W     GMN′. F i = 1, 2,  Ui =

Xi

≤di


   

      di      Xi. L U =
X1∪X2

≤d1+d2


          d1 + d2   

  X1  X2. T (S1, S2) → S1  S2      U1 × U2

 U . T U  ≥ U1 · U2. H,  U1 ≥ C1  U2 ≥ C2, 

U  ≥ U1 · U2 ≥ C1 · C2 = C1 ⊔ C2 ,

   -  GMN′.

2. L      SMN′. T      
   GMN′. T  Ui     Ci- () 
    di  U     (C1⊔C2)       d1+d2.
T         C1-    C2 
   (C1 ⊔ C2)-    (S1, S2) → S1  S2   
  U1 × U2  U . M,  Mi   Ci-   (Ci, Xi)
  di ( i = 1, 2),  M   M(c1  c2) = M1(c1)M2(c2)   (C1 ⊔C2)-
 . I   SMN′  SMN  -.
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3. T -    AMN′  AMN      
. T     ,      ,  
:  Ui ⊆ 2Xi×0,1          (
i = 1, 2),  U = S1  S2 : S1 ∈ U1  S2 ∈ U2    .

W    E 6.6    SMN, SMN′,AMN,AMN′  
. I          T 2,     
 GMN′   . C   , C1  C2,   (k, n)-
 k = n+2, .., Xi = n  Ci = n+2  i = 1, 2. T GMN′(C1) = GMN′(C2) = 2.
A    


2n

0


+


2n

1


+


2n

2


+


2n

3


> (n+ 2)2 = C1 ⊔ C2

   n ≥ 3. H,  n ≥ 3,  

GMN′(C1 ⊔ C2) ≤ 3 < 4 = GMN′(C1) + GMN′(C2) ,

   GMN′   . T     T 6.7.

7 A Final Look at the SMN-GMN-AMN Hierarchy

A combinatorial parameter (associated with concept classes)    C → Y (C) 
  -  Y (C)   ()   C. S  Y 
Z    . W   Y → Z    :

1. F    C,    Y (C) ≤ Z(C).

2. T≤-  Y (C)  Z(C)  occasionally strict, ..,    
 C   Y (C) < Z(C).

W   Y  Z  incomparable      C1  C2  
Y (C1) < Z(C1)  Z(C2) < Y (C2). T     Y ̸= Z   Y → Z 
Z → Y .

I     ,     ≤-  
    . W   ,      
,    ≤-          
 F. 1 .

Remark 7.1. Suppose that Y (C) ≤ Z(C) for each concept class C. Then, if Z is class
monotonic but Y is not, then Y → Z. Specically, if (C ′, X) is a class extension of (C,X)
such that Y (C ′) < Y (C), then Y (C ′) < Z(C ′).

Proof. L (C ′, X)      (C,X)   Y (C ′) < Y (C). T Z(C ′) ≥
Z(C) ≥ Y (C) > Y (C ′).
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Example 7.2. We know already that SMN is class monotonic while SMN′ is not. Speci-
cally, let C = C16,9 and let C ′ be obtained from C by adding the all-ones concept. Then, as
we have already shown before, we have that SMN(C ′) = 1 < SMN(C ′). Now an application
of Remark 7.1 yields SMN′(C ′) < SMN(C ′). Hence SMN′ → SMN.

Example 7.3. Clearly SMN(P2) ≥ 1. The matching M with

M(∅) = ∅ ,M(x1) = (x2, 0) , M(x2) = (x2, 1) , M(x1, x2) = (x1, 1)

witnesses that SMN(P2) ≤ 1. Thus SMN(P2) = 1. Clearly GMN(P2) ≤ 2. Consider the
ordering x1, x2, x1, x2, ∅ for the concepts in P2 and the ordering

∅, (x2, 0), (x1, 0), (x1, 1), (x2, 1), (x1, 0), (x2, 0)   

for the labeled samples over the domain x1, x2. The resulting greedy matching M ′ is then
given by

M ′(x1, x2 = ∅ , M ′(x1) = (x2, 0) , M ′(x2 = (x1, 0) , M ′(∅) = (x1, 0), (x2, 0) 

It follows that GMN(P2) ≥ 2. Thus GMN(P2) = 2 > 1 = SMN(P2) and, therefore, SMN →
GMN.

Remark 7.4. We know from Theorem 5.2 that GMN(Pn) < n for all suciently large n.
We know furthermore that GMN′(Pn) = n for all n ≥ 1. Hence GMN → GMN′.

Remark 7.5. Suppose that Y, Z, Z ′ are combinatorial parameters where Z and Z ′ are in-
comparable and, for each concept class C, we have that Y (C) ≤ Z(C) and Y (C) ≤ Z ′(C).
Then Y → Z and Y → Z ′.

Proof. P   C  C ′   Z(C) < Z ′(C)  Z ′(C ′) < Z(C ′). T
Y (C) ≤ Z(C) < Z(C ′)  Y (C ′) ≤ Z ′(C ′) < Z(C ′). H Y → Z ′  Y → Z.

Example 7.6. Consider concept class C = Ck,n with k = 2ℓ for some ℓ ≥ 2 and n ≥
k − 1. Since


n
0


+


n
1


= 1 + n ≥ k, it follows that GMN′(C) = 1. It is easy to see

that VCD(C) = RTD(C) = ℓ. It follows that GMN′(C) < VCD(C),RTD(C) and,
therefore, GMN′ → VCD,RTD.
Example 7.7. The smallest number d such that

d
i=0 2

i

6
i


≥ 26 equals 2 whereas the small-

est number d such that 2d

6
d


≥ 26 equals 3. It follows that SMN′(P6) = 2 < 3 = AMN′(P6).

Thus SMN′ → AMN′.

Example 7.8. We know already that AMN is class monotonic while AMN′ is not. Speci-
cally, let C = C16,9 and let C ′ be obtained from C by adding the all-ones concept. Then, as
we have already shown before, we have that AMN′(C ′) = 1 < AMN′(C). Now an application
of Remark 7.1 yields AMN′(C ′) < AMN(C ′). Hence AMN′ → AMN.

Remark 7.9. We mentioned already in Section 5 that STDmin(Pn) = n is valid for all n ≥ 1
and AMN(Pn) < 023n is valid for all suciently large n. It follows that AMN → STDmin.
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Remark 7.10. Suppose that Z1 and Z2 are incomparable additive combinatorial parameters
and Y is a sub-additive combinatorial parameter which satises Y (C) ≤ Z1(C) and Y (C) ≤
Z2(C) for each concept class C. Then Y → Z1, Z2.
Proof. P    C1  C2   Z1(C1) < Z2(C1)  Z2(C2) < Z1(C2).
R    ( )   (C1)  (C2) = ∅. T
Y (C1 ⊔ C2) ≤ Y (C1) + Y (C2) ≤ Z1(C1) + Z2(C2)

< Z1(C1) + Z1(C2), Z2(C1) + Z2(C2) = Z1(C1 ⊔ C2), Z2(C1 ⊔ C2) 

I   Y → Z1, Z2.
Example 7.11. It is well known that VCD and RTD are additive. According to Re-
mark 6.5, STDmin is sub-additive. By an application of Remark 7.10, we get STDmin →
VCD,RTD.
Example 7.12. We know already that AMN(P6) = AMN′(P6) = 3. We claim SMN(P6) = 2,
which would imply that SMN → AMN. SMN(P6) = 2 can be shown by matching the empty
set with the empty sample, a singleton set i by the sample (i, 1), a co-singleton set [6]\i
by the sample (i, 0) and by matching the remaining concepts in P6 by appropriately chosen
samples of size 2. We need to argue that such a saturating matching for the remaining
concepts does exist. To this end consider the bipartite consistency graph (the graph with one
vertex for each concept c, one vertex for each labeled sample S and an edge between them
i c is consistent with S. Each concept is consistent with


6
2


= 15 samples of size 2. Each

sample of size 2 is consistent with 24 = 16 concepts from P6, including the empty set as well
as the singleton and co-singleton sets. But, if we exclude these sets, then each sample of size
2 is consistent with at most 10 of the remaining concepts. Now it is an easy application of
Hall’s theorem to show that all remaining concepts can be matched with appropriately chosen
samples of size 2.

Remark 7.13. We mentioned already in Section 5 that GMN′(Pn) = n is valid for all n ≥ 1
and AMN(Pn) < 023n is valid for all suciently large n. Since AMN′(Pn) = AMN(Pn), it
follows that AMN′ → GMN′.

T        F. 1.

Open Problem. W        GMN  -.
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