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Abstract

We investigate structural relationships between recently introduced matching-based
parameters in Machine Teaching, focusing on the Saturating Matching Number (SMN),
Greedy Matching Number (GMN), and Antichain Matching Number (AMN). The con-
nection to matching arises from viewing Teaching Dimension as an injective mapping
from concepts to small labeled sample sets. We present a unified framework that links
these teaching complexity parameters with other combinatorial parameters, enabling
a systematic comparison with classical measures such as VC-dimension (VCD), Recur-
sive Teaching Dimension (RTD), and Subset Teaching Dimension for minimum sets
(STDpin). Within this framework, we establish a hierarchy of inequalities among the
parameters. We further analyze key structural properties, including class- and domain-
monotonicity under alternative non-collusion teaching constraints, and characterize the
behavior of the parameters on canonical concept classes such as the power-set. Finally,
we study their behavior under class composition, identifying conditions for additivity,
sub-additivity, and super-additivity. Our results contribute to a deeper understanding
of the combinatorial foundations of machine teaching and its connections to classical
learning-theoretic complexity measures.

1 Introduction

In formal models of machine learning [19] we have a binary concept class C' of possible
hypotheses, an unknown target concept ¢ € C and training data in the form of correctly
labeled randomly sampled examples that are given to the learner. The concept class contains
classification rules (called concepts) which split the instances in its domain X into positive
examples (labeled 1) and negative examples (labeled 0). In formal models of machine teach-
ing, the correctly labeled example set S. given to the learner is instead carefully chosen by
a teacher. The set S, is called a teaching set for the target concept c in the class C', and the
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goal is to find a small teaching set that allows the learner (or learner algorithm) to ”infer”
c¢. A common goal in machine teaching is to prove bounds on the teaching dimension of the
class C, i.e. the smallest value k so that for every concept ¢ € C there exists a teaching set
S, of cardinality at most k allowing to uniquely identify c.

In recent years, the field of machine teaching has seen various applications in fields
like pedagogy [15], trustworthy AI [24], reinforcement learning [23], active learning [21]
and explainable Al [22]. Various models of machine teaching have been proposed, e.g. the
classical teaching dimension model [8], the optimal teacher model [1], recursive teaching [25],
preference-based teaching [7], no-clash teaching [3], probabilistic teaching [5], with each of
them giving rise to a new variation on teaching dimension. One major line of research
has been to ask how parameters from teaching complexity relate to one another and to
other interesting parameters from computational learning theory, like VC-dimension [20],
the optimal mistake from online learning [11], or the size of sample compression schemes [6].
A big open problem in the field asks if the recursive teaching dimension RTD is always linear
in the VC-dimension VCD, with the current best being a quadratic bound [9].

In this paper we continue this exploration, with a focus on three parameters related to
matching problems that have recently appeared in the literature on machine teaching [4,
12, 17]. The connection to matching is as follows: to prove that the teaching dimension
of a concept class C' under a certain model of machine teaching has a value of k, we must
provide an injective mapping from C' to sets of at most k labeled examples, satisfying certain
conditions depending on the model'. For a concept class C, by applying this connection to
the sample complexity of MAP-based and MLE-based teaching introduced in a JMLR-~article
in 2024 [17] we achieve the first parameter that we call the Saturating Matching Number
SMN(C'). The second parameter, that we call the Greedy Matching Number GMN(C'), was
introduced in a ML-article in 2026 [4] as the largest sample complexity that may arise from
Greedy teaching, while the third parameter, that we call the Antichain Matching Number
AMN(C), was introduced in a NeurIPS-article in 2022 [12] as a lower bound on the sample
complexity of any teaching map having the antichain property. In Section 2 we formally
define all three parameters SMN, GMN and AMN within a unified framework of matchings,
to highlight their correspondences and simplify their comparison. We will also compare
them to three fundamental combinatorial parameters SMN’, GMN’ and AMN’ that bound
their respective namesakes in an essential way, and also to the two well-known parameters
VC-dimension VCD [20] and Recursive Teaching Dimension RTD [25]. Finally, we add a
ninth parameter into the comparison, the Subset Teaching Dimension for minimum subsets
STD,in, that was introduced in [12] as the first (batch) teaching parameter upper-bounded
by VCD.

To avoid coding tricks between the teacher and the learner (e.g. agreeing on a linear
ordering of concepts and examples and teaching the i'th concept using the i’th example)
many teaching models have adhered to the Goldman-Mathias condition of collusion-freeness
introduced in 1995[8]. Recently, some papers [4, 12] have argued that there are application
settings in which this condition is not natural, and alternative conditions have been sug-
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Figure 1: The parameter hierarchy: an arc Y — Z represents a relation Y (C') < Z(C) that
is valid for each concept class C' and that is occasionally strict (for special choices of C').

gested. In particular, the STD,,;, model instead adheres to the three conditions of being
class-monotonic, domain-monotonic, and of observing the antichain property [12].

The rest of our paper is organized as follows. In Section 2 we define the combinatorial
parameters under consideration. In Section 3 we investigate several <-relations between
these parameters, applying also results from a 2024 ICML-article [18] resolving an open
problem in machine teaching related to SMN’. The resulting parameter hierarchy, called
SMN-GMN-AMN hierarchy in what follows, is visualized in Fig. 1. In Section 4 we ask which
of the parameters obey the conditions on teaching without coding tricks that were introduced
in [12], and study their class-monotonicity and domain-monotonicity. In Section 5 we look
at the behaviour of these parameters on the special case of the concept class being equal to
the power-set, which is a classical focus in much of the literature. In Section 6, we determine
which of our combinatorial parameters are additive (resp. sub- or super-additive) on the free
combination of two concept classes. We show finally in Section 7 that all inequalities of the
SMN-GMN-AMN hierarchy are occasionally strict so that this hierarchy is proper.

2 Preliminaries

We first recall a few definitions from learning theory. Let X be a finite set and let 2%
denote the set of all functions ¢ : X — {0,1}. A family C C 2% is called a concept class
over the domain X = dom(C). A set S = {(x1,b1),..., (Tm,bm)} with m distinct elements
(x;,0;) € X x {0,1} is called a labeled sample of size |S| = m. A concept ¢ € C is said
to be consistent with S if ¢(x;) = b; for i = 1,...,m. A labeled sample S is said to be
realizable by C' if C' contains a concept that is consistent with S. A C'-saturating matching
is a mapping M that assigns to each ¢ € C' a labeled sample M (c) such that the following
holds: first ¢ is consistent with M (c); second ¢ # ¢ € C implies that M(c) # M(c'). The
cost of M is defined as the size of the largest labeled sample that is assigned by M to one
of the concepts in C, i.e., cost(M) = max.cc |M(c)|. A C-saturating matching M’ is called
a direct improvement of another C-saturating matching M if M’ differs from M only on a



single concept ¢ and |M’(c)| < |M(c)|. A C-saturating matching M is called greedy if it does
not admit for direct improvements.

Suppose that P is a procedure that, given a concept class C', returns a C-saturating
matching M. P is said to be greedy if it inspects the concepts one by one and, for each
fixed concept ¢ € C', makes an assignment M (c) = S where S is a labeled sample with the
following properties:

1. The concept c is consistent with S.

2. The labeled sample S is still available, i.e., it has not already been assigned to a
different concept.

3. Among the samples which meet the preceding two criteria, S is of lowest size.

A greedy procedure has some degrees of freedom. First, we have left open in which order
the concepts are inspected. Second, for each concept, P may have the choice between
different labeled samples of the same size. There are greedy procedures that have a unique
output, for example procedures that commit to a linear order both among the concepts
and among the labeled samples, where the latter order must be of non-decreasing size.
Without such commitments, P may have several possible outputs, and for some machine
teaching application this may in fact be desirable. Greedy C-saturating matchings and
greedy procedures for their computation are related as follows:

Remark 2.1. A C-saturating matching is greedy iff it is a possible output of a greedy pro-
cedure.

This since for any greedy matching M we can order the concepts by the size of their
assigned sample and run a greedy procedure on this order to get M as output, and moreover
it follows by an easy induction that the output of a greedy procedure does not admit for
direct improvements. In the sequel, the symbol X will always denote the domain of a concept
class C'. The latter will be clear from context. We are now prepared to define the parameters
we are interested in.

SMN: The saturating matching number of C, denoted by SMN(C), is the cost of a cheapest
C-saturating matching. This parameter was introduced first in [17]. It characterizes
the sample complexity of MAP- resp. MLE-based teaching. See [17] for details.

SMN’: Here comes a lower bound on the saturating matching number. We define SMN'(C')
as the smallest number d such that the number of C-realizable samples of size at most
d is greater than or equal to |C].

AMN: The antichain matching number of C', denoted by AMN(C'), is the cost of a cheap-
est C-saturating matching that has the antichain property. The antichain matching
number was introduced first in [12]. As explained in [12], it lower-bounds the sample
complexity in all models where the teaching map has the antichain property (or can
be modified so as to have this property without increasing its cost).
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AMN’: We are also interested in the following lower bound on the antichain matching
number. We define AMN'(C) as the smallest number d such that the C-realizable
samples of size at most d contain an antichain of size |C].

GMN: The parameter GMN(C), introduced first in [4] in connection with learning repre-
sentations of concepts, is defined as the largest possible cost of a greedy C-saturating

matching. It is easy to see that the smallest possible cost of a greedy C-saturating
matching equals SMN(C).

GMN’: We define GMN'(C) as the smallest number d such that 3¢ ('fl) > |C|.

VCD: Points x;...,x, € X are said to be shattered by C' if, for every choice of by,...,b,. €
{0,1}, the labeled sample {(z1,b1), ..., (z,b,)} is C-realizable. The size of the largest
set that is shattered by C' is called the VC-dimension of C' and denoted by VCD(C).
The VC-dimension was first introduced in [20].

RTD: By RTD(C), we denote the so-called recursive teaching dimension of C. We will not
require a formal definition of the RTD in this paper, but the interested reader may
consult [25, 2] for a definition.

STD,,in: A sequence M = (My)g>o of C-saturating matchings is called a subset teaching
sequence for C' if the following hold:

1. My(c) ={(z,c(x)) :x € X} forall ce C.
2. Myi1(c) € Mg(c) for all k> 0 and all ¢ € C.
3. Myi1(c) € Mi(c) forall k >0 and all ¢ # c € C.

Let
E*(M) =min{k : V' > k,c € C': My/(c) = My(c)} .

We define cost(M) as the cost of the matching M- (rq). Finally, we set
STDin(C) = min{cost(M) : M is a subset teaching sequence for C'} .

This parameter was introduced in [12]. It is a variant of Balbach’s [1] subset-teaching
dimension.

3 A First Look at the SMIN-GMN-AMN Hierarchy

Here is a list of the (more or less) obvious relations among the parameters of the SMN-GMN-
AMN hierarchy:

1. SMN(C) < GMN(C) and SMN(C) < AMN(C).
Reason: No matching can be cheaper than a cheapest one.



. SMN'(C) < SMN(C).

Reason: Let M be a C-saturating matching of cost SMN(C'). Then the samples M (c)
with ¢ € C' are C-realizable. It follows that the number of C-realizable samples of
size at most SMN(C) is greater than or equal to |C|. The definition of SMN'(C') now
implies that SMN'(C') < SMN'(C).

. AMN'(C) < AMN(C).
Reason: Let M be a C-saturating matching of cost AMN(C') that has the antichain

property. Then the samples M (c) with ¢ € C are C-realizable and form an antichain
of size |C|. The definition of AMN'(C') now implies that AMN'(C') < AMN(C).

. GMN(C) < GMN'(0).

Reason: Set d := GMN'(C) and X := dom(C). It follows that Z?:o ('f') > |C.
Let M be a C-saturating matching of cost d > d. Pick a concept ¢g € C such
that |M(co)| = d'. For cardinality reasons, there must exist an unlabeled sample
{z1,..., 2.} of size r < dsuch that no ¢ € C satisfies M (c) = {(z1,¢(x1)), ..., (x,, c(z,))}.
Let M’ be the matching that equals M except for M’ (cy) = {(x1, co(x1)), ..., (2, co(z,))}-
Then M’ is a C-saturating matching that directly improves on M. We have there-
fore shown that no C-saturating matching of cost exceeding d is greedy. Hence

GMN(C)) < GMN'(C).

. SMN'(C) < AMN'(C)

Reason: If the C-realizable samples of size at most d contain an antichain of size
|C'| then, obviously, the number of C-realizable samples of size at most d cannot be
smaller than |C|. The inequality SMN'(C') < AMN'(C) is therefore evident from the
definitions of SMN'(C') and of AMN'(C).

. AMN(C) < STD,,;n(C) and STD,,;,(C) < min{VCD(C), RTD(C)}.

Reason: It is obvious from the definition of a subset teaching sequence M = (Mj)r>0
(and it was noted in [12] already) that each matching M, is C-saturating and has the
antichain property. Hence AMN(C') < STD,,,;,(C). It was shown furthermore in [12]
that STD,,;,(C) cannot exceed VCD(C') or RTD(C).

. GMN(C) < min{VCD(C), RTD(C)}.

Reason: According to Sauer’s Lemma [14, 16], we have that ZZYZCOD(C) ('f') > |C.
This inequality holds as well with RTD(C') in place of VCD(C) [13]. The inequalities
GMN'(C) < VCD(C') and GMN'(C') < RTD(C) are now immediate from the definition
of GMN'(C).

. If SMN'(C) < |X|/5, then GMN'(C) < 2 - SMN'(C).
Reason: For sake of brevity, set n = |X|. Let d be the smallest number subject to

24 . Z?:o (") > |C|. Since the number of C-realizable samples of size at most d is

bounded from above by Z?:o 20 (1) <27 Z?:o ("), it follows from the definition of
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SMN'(C) that SMN'(C) > d. It suffices therefore to show GMN'(C) < 2d. We will

show that ) d
> (1) == (0) g

Thanks to 2¢- 37 (7) > |C|, this would imply that GMN'(C) < 2d. We verify (1)
by proving that
() i

()

Expanding the binomial coefficients, we obtain (after some cancellation)

Vi=0,...,d:

()  (m=—dm—i-1)...(n—i—d+1) n—i n—i—1  n—i-d+]1
G (d+i)(d+i—1)...(i+1) Cd+i od+i—1 7 i+ 1 '

(2

Given our assumption that d < n/5, each of the d factors in the latter product has a
value of at least 2, which accomplishes the proof.

9. If SMN'(C) < |X|/5, then GMN(C) < 2- SMN(C).
Reason: This follows from inequalities that have been verified already: GMN(C') <
GMN'(C) <2-SMN'(C') < 2-SMN(C).

3.1 Bounding AMN’ by GMN’

The verification of the inequality AMN'(C) < GMN'(C) is still missing and will be given in
the course of this subsection.

The (k,n)-family is defined as the family of concept classes C' with |C| = k and | dom(C)| =
n. We denote this family by Cy .

Example 3.1. For k > 2 and n > logk, we denote by Cy,, the concept class in Cy, given
by Cr = {co,C1, ..., cr1}, with dom(Cy ) = {x0,21,...,Tu_1} and ¢;(x;) being the j-th bit
in the binary representation of i. Formally

Vi=0,1,....k—1,j=01,....n—1:cz;) = FJ mod 2

27
It is easy to characterize the Cj ,-realizable samples:

Remark 3.2. A labeled sample S over dom(Cy.,) is Cy.n-realizable iff Zj (2;,1)€8 20 < k—1.

According to the following quite recent result, the class Cy, € C, has the smallest
number of realizable samples of a given size:

Theorem 3.3 (Main Theorem in [18]). For each 1 < d < n, the number of C-realizable
samples of size d, with C' ranging over all concept classes in Cyp, s minimized by setting

C = Chn?

2The main theorem in [18] is not stated in this form, but it is equivalent to what is claimed in Theorem 3.3.
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Since the minimizer C}, of the number of realizable samples of size d is the same for all
possible choices of d, we immediately obtain the following result:

Corollary 3.4. SMN'(C) with C' ranging over all concept classes in Cyp, is mazimized by
setting C' = Cy,.

Here is another (less immediate than Corollary 3.4) application of Theorem 3.3:
Theorem 3.5. For each concept class C, we have that AMN'(C') < GMN'(C).

Proof. For each concept class C, let AMN"(C') be the smallest number d such that there
exist |C| many C-realizable labeled samples of size d. Since different sets of the same size
always form an antichain, it follows that AMN'(C) < AMN"(C). It suffices therefore to
show that, for each concept class C, we have that AMN"(C') < GMN'(C). Let Cy be an
arbitrary but fixed concept class. We set

k:=|Cy|, ¢ := |logk] and n:=|dom(C)| .

Note that £ < 2™ because there can be at most 2™ distinct concepts over a domain of size
n. By definition, GMN'(Cy) is the smallest number d such that Z?:o (") > k. Note that

GMN'(C) is the same number for all concept classes from the famillekm. Specifically
GMN'(Cy) = GMN'(C}.,). On the other hand, it is immediate from Theorem 3.3 (and again

the fact that different sets of the same size always form an antichain) that
AMN"(Cy.,) = max{AMN"(C) : C € Cyn} .

Thus, if we knew that AMN"(Cy,,) < GMN'(C}.,.), we could conclude that

AMN"(Cy) < AMN"(Cy..) < GMN'(Cy.,) = GMN'(Cp) .

It suffices therefore to verify the inequality AMN"(Cy,,) < GMN'(Cj,,). We will make use
of the following auxiliary result.

Claim 1: GMN'(C}.,) < {.

Proof of Claim 1: Since k£ < 2", it follows that n > [logk]. The function n — Zf:o (")
is monotonically increasing with n. But even for n = [log k], we have that

. j ((bfm) >k

for the following reason:

o If k is a power of 2, then ¢ = logk = [log k] and, therefore, S = 2¢ = k.

e If k£ is not a power of 2, then ¢ = [logk| and [logk| = ¢+ 1. This implies that
S =21 1 > 28k _ 1 — k — 1 and, because S is an integer, it implies that
S > k.



It follows from this discussion that GMN'(Cy,,) < ¢.

Claim 2: For each d € [{], there exists an injective mapping f which transforms an unla-
beled sample of size at most d over domain® X = {zg,z1,...,7, 1} into a (labeled)
C n-realizable sample of size exactly d.

Proof of Claim 2: Let U C X be an unlabeled sample of size at most d. We define f(U)
as the (initially empty) labeled sample that is obtained from U as follows:
1. For each z; € U with £ < j <n —1, insert (z;,0) into f(U).
2. For each z; € U with 0 < j </ —1, insert (z;,1) into f(U).
3. While |f(U)| < d, pick some instance x; from {z,..., 2,1} \ f(U) and insert
(x,0) into f(U).

It is obvious that, after Step 3, the set f(U) is of size d. Moreover

/—1
Yo o<y Y=2—1<k-1,
§=0

ji(zj,1)eU

which, according to Remark 3.2, implies that f(U) is Cj ,-realizable. Finally observe
that U can be reconstructed from f(U):

U={z;:((<j<n—1A(z;,0) € f(U)V(0<j<Ll—1A(x;1) € f(U)} .
Hence f is injective, which completes the proof of Claim 2.

The proof of Theorem 3.5 can now be accomplished as follows. Set d := GMN'(Cy,,). Then
there exist at least k distinct unlabeled samples of size at most d over domain X. Thanks to
Claim 1, we know that d < ¢. Thanks to Claim 2, we may now conclude that there exist at
least k distinct labeled CY ,-realizable samples over domain X, each of size exactly d. This

shows that AMN"(C.,,) < d. O

4 Monotonicity Considerations

We say that (C’, X') is an extension of (C,X) if C C C" and X C X'. If C C ' and
X = X', it is called a class extension. If X C X', C = {¢x : c € C'} and |C] = |C'], it is

called a domain extension. Note that the condition |C| = |C’| ensures that X distinguishes
between the concepts in C', i.e.,
Ve, e O et £ = ey £y (2)

A combinatorial parameter Y (C'), associated with a concept class C, is said to be class
monotonic if, for each class extension (C', X) of (C, X), we have that Y(C) < Y(C"). It is
said to be domain monotonic if, for each domain extension (C’, X”) of (C, X), we have that

Y(C) < Y(O).

3We talk here about the domain of Cj .




| || class monotonic | domain monotonic | Reference |

VCD yes no? common knowledge
RTD yes yes [2]
min{VCD, RTD} yes no this paper
STD,in yes yes [12]
AMN yes yes this paper
AMN’ no yes this paper
GMN’ yes yes this paper
GMN yes yes this paper
SMN yes yes this paper
SMN’ no yes this paper

Table 1: Monoconicity properties of the parameters of the SMN-GMN-AMN hierarchy.

Theorem 4.1. The monotonicity properties of the parameters in the SMN-GMN-AMN hi-
erarchy are as it 1s shown in Table 1 below.

Proof. The monotonicity properties of VCD, RTD and STD,,;, are well known. We will now
verify the remaining entries in Table 1 row by row.

min{VCD,RTD}: Set Y = min{VCD,RTD}. For trivial reasons, the following implica-
tion is valid: if Z; and Zs are class (resp. domain) monotonic, then min{Z;, Z} is
class (resp. domain) monotonic. Setting Z; = VCD and Z, = RTD, it follows that YV’
is class monotonic.
In order to show that Y is not domain monotonic, we will make use of the class C’

over domain X’ = {x,..., x5, 26} that is given by the following table:
C, 1 X9 T3 Ty Ty Tg
C1 1 1 0 0 0 0
cc |0 1 1 0 0 O
c3s |0 0 1 1 0 1
c4 O O O 1 1 O
11 0 0 0 1 1
Cg 0 1 0 1 1 0
lo 1 1 0 1 1
cs |1 0 1 0 1 1
g |1 0 1 1 0 O
C10 1 1 0 1 0 1

4VCD is domain monotonic in the other direction: for each domain extension (C’, X') of (C, X), we have
that VCD(C') < VCD(C).
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The class over subdomain X = {1,...,25} which is given by the first 5 columns in
this table is known under the name Warmuth’s class® and denoted by Cjsy. Clearly
(C', X') is a domain extension of (Cyw,X). The class Cpy is known to satisfy

Claim: VCD(C') = RTD(C") = 3.

Proof: Clearly VCD(C") < 3 because VCD(C) = 2 and extending the domain by
one instance (here: z4) can increase the VC-dimension at most by 1. An inspec-
tion of the table-entries highlighted in bold reveals that VCD(C’) > 3. Hence
VCD(C') = 3.

Since RTD is domain monotonic, we have that RTD(C”") < RTD(C) = 3. Assume
for contradiction that RTD(C”) < 2. Then one of the subclasses

Cy = {ceC :c(xg) =0} ={c1,ca,¢4,¢6,00}
C{ = {C € O/ . C(ZEG) = 1} = {03705,67,08,610}
must contain a concept which can be uniquely specified by one more labeled

example. An inspection of the following tables for Cf, and C] reveals that this is
impossible so that we arrived at a contradiction:

Cilzr xo x3 my x5 Tp Cllmy xy x3 x4y 5 g
cgc |1 1 0 0 0 O c3s |0 0 1 1 0 1
c |0 1 1 0 0 0 cs |1 0 0 0 1 1
cs |0 0O O 1 1 0 c; |0 1 1 0 1 1
|0 1 0 1 1 0 g |1 0 1 0 1 1
|1 0 1 1 0 0 copll1 1 0 1 0 1

We conclude from this discussion that Y(C) =2 < 3 =Y(C"). Thus Y is not domain
monotonic.5

AMN: Let (C’, X) be a class extension of (C, X). Let M be a C’-saturating matching of
cost d that has the antichain property. Then Mc is a C-saturating matching of cost
at most d that has the antichain property. This shows that AMN is class monotonic.
Let (C', X') be a domain extension of (C, X). Let M be a C-saturating matching of cost
d that has the antichain property. Let M’ be the mapping given by M’'(c) = M(cix).
Because of (2) M’ is a C’-saturating matching. Moreover M’ is of the same cost as
M and inherits the antichain property from M. This shows that AMN is domain
monotonic.

5This class was designed by Manfred Warmuth so as to provide a simple class for which the RTD exceeds
the VCD.

6Tt is easy to find pairs (C’,X’) and (C, X) such that (C’, X’) is a domain extension of (C,X) and
Y(C) > Y(C"). Thus extending the domain can have effects in both directions: it can lead to a greater value
of Y = min{VCD, RTD}, but it can also lead to a smaller value.
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AMN’: The following example shows that AMN’ is not class monotonic. Consider the

concept class C' = Cyg9. It has 18 samples of size 1 but only 13 of them are realizable
by C. Since 13 < 16 = |C], we get AMN'(C') > 2. Let C’ be the class obtained from
C by adding the all-ones concept. C” is of size 17 but now all 18 samples of size 1 are
realizable (and, of course, they form an antichain). Hence AMN'(C”") = 1, which is in
contradiction with class monotonicity.
Let (C’, X’) be a domain extension of (C, X ). Remember that this implies that |C| =
|C’|. Let A be an antichain of size |C| consisting of C-realizable samples of size at most
d over domain X. Then A is also an antichain of size |C’| consisting of C’-realizable
samples of size at most d over domain X'’ (albeit none of these samples contains a point
from X'\ X). This shows that AMN’ is domain monotonic.

GMN’: Let (C’, X) be a class extension of (C, X). Then |C’| > |C|. Clearly Z?:o (‘f') >
|C| if Z?:O ('f') > |C’|. Thus GMN’ is class monotonic.
Let (C',X’) be a domain extension of (C,X), which implies that |C'| = |C| and
1X'| > |X]. Clearly >0, (X' > 1] it =0, (X)) > |C]. This shows that GMN’ is

KA 1
domain monotonic.

GMN: Let (C, X) be a class extension of (C, X). Let M be a greedy C-saturating matching
of cost d. In order to prove class monotonicity, it suffices to specify a greedy C'’-
saturating matching M’ of cost at least d. To this end, we consider the following
(’-saturating matching M’:

1. For each ¢ € C, set M'(c) = M(c).

2. Inspect the concepts ¢ € C'\ C one by one. For each fixed ¢ € C"\ C, choose a
shortest labeled sample S’ among the ones which are consistent with ¢’ and have
not already been used for another concept before. Set M(c) = 5"

Clearly the cost of M’ is lower-bounded by the cost of M. By construction, M’ cannot
be directly improved on a concept ¢ € C’\ C. The same remark applies to concepts
¢ € C, because any direct improvement of M’ on ¢ would be a direct improvement of
M of C', which is impossible because M is greedy. It follows from this discussion that
M’ is a greedy C’-saturating matching of cost at least d. This shows that GMN is class
monotonic.

Let (C', X') be a domain extension of (C, X), which implies that X C X’. For each
d el let c= c" + denote the corresponding concept in C. Arbitrarily fix a linear
ordering ¢}, ¢, ¢ . .. of the concepts in C” as well as a linear extension S, 53, S5, ... of
the partial size-ordering of all C’-realizable samples over X'. Let M’ be the resulting
greedy (’-saturating matching and let d’ denote its cost. In order to prove domain
monotonicity, it suffices show that the greedy procedure applied to C' has a possible
output of cost at least d’. To this end, we choose the ordering c;,co,c3... for the
concepts in C. Furthermore, our ordering of the C-realizable samples over X (which
are also ('-realizable!) is obtained from the ordering Si, Ss, Ss, . .. by the removal of all
samples containing one or more instances from X'\ X. Let M be the resulting greedy
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C-saturating matching. It is easy to see that the following holds for each i € [m]: if
M(c;) = S; and M'(c}) = Sy, then j° < j. This clearly implies that the cost of M is
not less than the cost d’ of M’. Hence GMN is domain monotonic.

SMN: Let (C', X) be a class extension of (C, X). If M’ is a (’-saturating matching of cost
d’, then M = Mc is a C-saturating matching of cost d < d’'. This implies that SMN
is class monotonic.

Let (C', X') be a domain extension of (C, X). If M is a C-saturating matching, then
M" with M'(c') = M(c) for ¢ = ¢[y is a C'-saturating matching of the same cost. This
implies that SMN is domain monotonic.

SMN’: The same example, C' = Cjyg9, that we used above for showing that AMN’ is not
class monotonic can also be used for showing that SMN’ is not class monotonic. There
are 19 samples of size at most 1 (including the empty sample) but only 14 of them are
realizable by C. Since 14 < 16 = |C|, we have that SMN'(C') > 2. Let again C’ be the
class obtained from C' by adding the all-ones concept. C’ is of size 17 but now all 19
samples of size at most 1 are realizable. Hence SMN'(C”) = 1, which is in contradiction
with class monotonicity.

Let (C', X') be a domain extension of (C, X). Each C-realizable sample over domain
X is also a (very special) C’'-realizable sample over domain X’. This implies that
SMN'(C") < SMN(C'). Thus SMN’ is domain monotonic.

This completes the proof of Theorem 4.1. (I

5 Evaluation of the Parameters on the Powerset

The combinatorial parameters that we have studied so far are now evaluated for a special
concept class, namely the powerset over the domain X = {z,...,2,}. This class will be
denoted by P, in what follows. Note that |P,| = 2", VCD(P,) = n and every sample can be
realized by P,. It is also known that RTD(P,) = n [2] and that STD,,;,(P,) = n [12]. Here
are some more observations:
1. AMN(P,) = AMN'(P,) =min {d : 2¢(7}) > 2"}.
Reason: As mentioned in [12], for d < 1/2 the maximum antichain contained in the
set of samples of size at most d is formed by the set of labeled samples of size exactly
d, a classical result in combinatorics of finite sets. This antichain has size 2¢- (Z) This
gives the second equation. It was furthermore shown in [12] that there exists a P,-
saturating matching which assigns to each concept a labeled sample of size AMN'(C).
This gives the first equation.

2. For all but finitely many n, we have that 0.22 -n < AMN(P,) < 0.23 - n.
This was also shown in [12].

13



3. SMN’(P):min{dzzf_o : >2n}

Reason: This is immediate from n = |X|, |P,| = 2", the fact that 3¢ 2’ (") is
the number of samples of size at most d (all of which are realizable by P,) and the
definition of the parameter SMN'.

4. GMN'(P,) = mm{d P o () = 2"} =n.
Reason: The first equation is immediate from n = | X|, | P,| = 2" and the definition of

the parameter GMN’. The second equation is immediate from the binomial theorem.

As for the powerset, the antichain matching number and the saturating matching number
are very close relatives:

Theorem 5.1. For all but finitely many n, we have that AMN(P,) —1 < SMN'(P,) <
SMN(B,) < AMN(B,).

Proof. As shown before, the inequalities SMN'(C) < SMN(C') < AMN(C) are valid even for
arbitrary concept classes. It suffices therefore to show that SMN'(P,) > AMN(P,) — 1, or

equivalently, that AMN(P,) < SMN'(P,) + 1. Set D = [n]. Since
d n
MN'(P,) = mi D: 2! > 2"
SMN'(R,) mln{de ; <Z) > } (3)
and
AMN(P,) = AMN'(P,) = min {d eD:2 (Z) > 2”} , (4)

it suffices to show that

(1))

To this end, we define

o =3 (1) a0 = { S S

1=

As proven in [10], the term (7)) is related to ®q_1(n) as follows:

n

Vd=1,...,t(n): (d) > @y i(n) and Yd=t(n)+1,...,n: (Z) < ®yi(n) .

Under the assumption that d + 1 < ¢(n), we get ( > ®y4(n) so that

)

d d
a1 T d+1 d+1 if "
() =2 -2 3 (1) - (1)
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The verification of (5) will be complete if we can justify the assumption that d + 1 < ¢(n).
This is where asymptotics comes into play. We know that, for all but finitely many n, we
have that SMN'(P,) < AMN(P,) < 0.23-n < n/3 < t(n). If follows that, for all but finitely
many n, the equations (3) and (4) are still valid when we set D = [1 : t(n) — 1]. Hence it is
justified to assume that d + 1 < ¢(n). O

By a straightforward, but tedious, calculation, one can verify that the inequalities claimed
in Theorem 5.1 are valid for all n > 15.

Theorem 5.2. Let H(p) = p - log(p) — (1 — p) - log(1 — p) be the binary entropy function
and let p, be the unique solution to the equation H(p) = 1 — 2p subject to p < 1/2, and let
0 < po < ps. Then GMN(PB,) < [(1 —po) - n| holds for all but finitely many n.”

Proof. Fix a linear ordering on the concepts in P, and a linear extension of the partial
size-ordering on the labeled samples over X such that the resulting P,-saturating greedy
matching M has cost GMN(FP,). We can think of M as being built in stages: in stage
0 < 7 < GMN(P,), each sample of size j obtains one of the concepts in C' as its M-partner.
Let S, (resp. S<,) denote the set of samples of size r (resp. of size at most ). We define

T, = max {r : ZQj . (n> < 2"_7’}
=0 J

The proof of the theorem will be based on the following two claims.
Claim 1: Every sample in S<,, gets an M-partner.

Proof of Claim 1: Let’s look at the moment in which an M-partner for a labeled sample
S € 8, has to be found. The number of concepts already matched at this moment is
upper-bounded by [S<,, \ {S}] < 377727 - (’]‘) —1 <27 — 1. Hence at least one of
the at least 2"~ many neighbors of S must still be unmatched so that S will certainly
obtain an M-partner. Since this reasoning applies to any concept in S<,,, Claim 1

follows.

Claim 2: Suppose that r is chosen such that every sample in S<, gets an M-partner. Sup-
pose that ¢ is chosen such that

()= ()=xe()-

i=0 §=0

Then GMN(P,) < n —¢. In particular GMN(P,)) <n —r — 1.

"numerical calculations reveal that p« > 0.17 so that we can choose pg = 0.17 and obtain GMN(FP,) <

[0.83n].
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Proof of Claim 2: We set d =n — ¢q. We have to show that every concept ¢ € P, obtains
an M-partner during stages 1,...,d. For reasons of symmetry, it suffices to prove
this for the concept ¢y = X (the concept assigning label 1 to every instance in X).
In the remainder of the proof of Claim 2, “sample” always means “sample of size at
most d”. We say a labeled sample is of type A if it contains only 1-labeled instances.
The remaining samples are said to be of type B. The samples of type A are precisely the
ones which are consistent with c¢q. We have the following situation right after stage r:

e The number of concepts with an M-partner of type B equals the number of samples

of type B within Sc,, and the latter number equals »7"_; 2/ (’;) — >0 (’;)

o [} :=2" — <z;:0 27 (;‘) — > o (’;)) is the number of the remaining concepts.

The number of samples of type A clearly equals

ey ()-r- 2 ()5 ()-=-20) o

Note that F; < Fj is equivalent to (6). Since ¢, by assumption, is chosen such that the
condition (6) is satisfied, we may conclude that F; < Fy. What does E; < Fy mean?
It means that the number of concepts in P, \ {¢p} not being matched with a labeled
sample of type B is smaller than the number of samples of type A. Since ¢ is adjacent
to all samples of type A, this implies that ¢q will obtain an M-partner in stage d (or
even in an earlier stage). Hence GMN(P,) < d = n — ¢, Finally note that (6) can be
satisfied by setting ¢ = r + 1. Hence GMN(P,) < n— ¢ — 1, which completes the proof
of Claim 2.

Let r be a number with the property that
r+1§ﬁand2’”+2- " <2
3 r+1

L. . . n r n r+2 n r j n

The condition 7+ 1 < n/3 implies that (r+1) > o (J) so that 272 . (r+1) > 02 (])
An inspection of the definition of r, reveals that r < r,. We can therefore infer from Claim 1
that every sample in S<, gets an M-partner. Setting p := % we obtain the following series

of equivalent conditions:

2r+2 A n S N ey n S 2n—2r—2 PN n S 2n—2pn PEN l log n S 1 — 2p ]
r+1 r+1 pn n pn

It is well known that %log (;1) converges to H(p) if n goes to infinity. Let p, < 1/2 be the
unique solution of the equation H(p) = 1 — 2p. Fix any constant 0 < pg < p.. The theorem
can now be obtained as follows. The inequality py < p, implies that %log (pZn) <1—2-pg

provided that n is sufficiently large. This in turn implies that, for r{ given by r;+1 = pg - n,
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we have that 270%2. (r’ﬁ-l) < 27770, Setting ro = |rp], we get 270F2. (TOT_LH) < 2"770, According
0

to Claim 2, we have
GMN(P,) <n—ro—1l=n—|ry] —1=n—[ri+1] =n—|pon] =[(1 —po)n] .

This completes the proof of Theorem 5.2. O

6 Additivity Considerations

Definition 6.1. Suppose that Cy is a concept class over domain Xy, Cs is a concept class
over domain X, and X, N Xy, = (. The free combination of C' and C’, denoted by C; U Cs,
1s then given by

ClL|CQ = {01UC2201 GCl andCQ S CQ} .

A combinatorial parameter Y is said to be sub-additive (resp. super-additive) if
Y(CiUCy) <Y(Ch) +Y(Cy) (8)

(resp. Y(C1 U Cy) > Y(Cy) 4+ Y(Cy)) holds for each free combination of two concept classes
Cy and Cy. If (8) holds with equality for each free combination of two concept classes, then
Y is said to be additive,

The goal of this section is to verify the entries of Table 2 below.

| || additive | sub-additive | super-additive | Reference |
VCD yes yes yes common knowledge
RTD yes yes yes 2]
min{VCD, RTD} no no yes this paper
STD,in no yes no this paper
AMN no yes no this paper
AMN’ no yes no this paper
GMN’ no yes no this paper
GMN no ? no this paper
SMN no yes no this paper
SMN’ no yes no this paper

Table 2: Additivity properties of the parameters of the SMN-GMN-AMN hierarchy.

Remark 6.2. VCD and RTD are known to be additive.

The following relation, which holds for arbitrary reals a, b, ¢, d is well known and easy to
check:

min{a + b, c + d} > min{a,c} +min{b,d} . 9)

This inequality is strict if a < ¢ and b > d. Moreover, we say that two parameters Y, Z are
incomparable if there exist C,C" with Y (C') < Z(C) and Y (C") > Z(C")
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Remark 6.3.
too.

1. If Zy and Zy are super-additive, then'Y := min{Zy, Zs} is super-additive

2. If Zy and Zy are additive and incomparable, then Y := min{Zy, Z} is not additive.
Proof. Choose any two concept classes C; and Cy over disjoint domains. Then:
Y(Cl L 02) = min{Zl(Cl L 02), ZQ(Cl (] Cg)}
> mlH{Zl(Cl) + 21(02), ZQ(Cl) + ZQ(CQ)}

> min{Z,(C1), Z2(Cy)} + min{Z,(Cy), Z5(Cs)} = Y (C1) + Y(Cy) .
The first equation holds by definition of Y. The subsequent inequality holds by the super-
additivity of Z; and Z,. The inequality which is marked “(x)” is an application of (9).
The final equation holds by definition of Y again. The above calculation shows that Y is
super-additive. Note that the inequality which is marked “(x)” becomes strict if C; and Cy
are chosen such that Z;(Cy) < Zy(C4) and Zy(Cy) < Z1(Cs). Note that this is a possible
choice under the assumption that Z; and Z, are incomparable. Thus, if Z; and Z5 are
incomparable, then Y is not additive. (I

—
=

Example 6.4. We may now conclude from the additivity and incomparability of VCD and
RTD (this is well-known) that min{VCD,RTD} is super-additive but not additive.

Remark 6.5. STD,,;,, is sub-additive but not additive.

Proof. Choose any two concept classes C; and Cy over disjoint domains X; = dom(CY)
and Xy = dom(Cy). For i = 1,2, let (M})r=o,...,

cost d; = STD,in(C;) for C;. Let My, x, be the (C; U Cy)-saturating matching given
by My, k,(c1 U ca) = My, (c1) U My,(c2). It is easy to see that the sequence which starts
with Moo, Migl, ..., M=), and continues with Mp«(1).0, Mg=1),1,- - -, Mi=(1) k+(2) is a sub-
set teaching sequence of cost dy + dy for C; U Cs. Hence STD,,;, is sub-additive. Let
now C7 = {cg,c1,02,c3} be the concept class over domain X; = {u,v} given by ¢y = 0,
¢ = {u}, co = {v} and ¢3 = {u,v}. Let Cy consist of the single concept X, over domain
Xy ={a,b,c,d}. Then STD,,,;,,(Cy) = 2 and STD, 3, (C2) = 0. The following subset teaching
sequence shows that STD,,;,(C LU C") = 1:

My(co U Xs) = (u,0),(v,0),(a,1),(b,1),(c,1),(d,1)
MO(Cl U XZ) (U, 1)7 (U> 0)7 (a’ 1)7 (bv 1)’ (C’ 1)’ (d7 1)
Moy(ca U X5) (u,0), (v,1), (a,1),(b,1),(c,1),(d, 1)
My(c; U Xs) = (u,1),(v,1),(a,1),(b1),(c,1),(d,1)
Ms(coU Xs) = (u,0),(v,0),(a,l)

Ms(c1 U X5) (u,1),(v,0), (b, 1)

My (o U Xy) (u,0), (v,1),(c, 1)

My(cp UXs) = (u,1),(v,1),(d, 1)

Mg(CO U XQ) == (CL, ]_)

Mg(cl U XQ) = (b, ].)

Ms(ca U Xs) = (e, 1)

Ms(c; U Xs) = (d,1)
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It follows that STD,,;, is not additive. O

The powerset P, over the domain X = {zy,...,x,} can be seen as the free combination
of Pl U...U P! where P} is the powerset over the domain {z;}. For trivial reasons, we have
the following implications:

e If YV is additive, then Y(P,) =n- Y (P,).
e If YV is sub-additive, then Y (P,) <n-Y(P).
e If Y is super-additive, then Y (P,) > n - Y (FPy).

Example 6.6. It is easy to check that all parameters in the SMN-GMN-AMN hierarchy eval-
uate to 1 on the class Pi. We know already that GMN(P,) and AMN(P,) are less than n
provided that n is sufficiently large. Of course, the same must be true for all parameters below
GMN and AMN in the SMN-GMN-AMN hierarchy. We may conclude from this short dis-
cussion that none of the parameters GMN, SMN, SMN', AMN, AMN’ is super-additive (which
implies that none of them is additive).

Theorem 6.7. Each of the parameters GMN’, SMN, SMN’, AMN, AMN’ is sub-additive but
not additive.

Proof. Choose any two concept classes C'; and C5 over disjoint domains X; and Xs, respec-
tively. Clearly
|CL U Co| = [Ch] - |Cof

This multiplicativity makes it easy to show sub-additivity for various parameters:

1. We first consider the parameter GMN'. For i = 1,2, let U; = (fd’) be the set of
unlabeled samples of size at most d; with sample points taken from X;. Let U =
( féfﬁi) be the set of unlabeled samples of size at most d; + dy with sample points
taken from X; U X5. Then (S7,S3) — S; U S is an injective mapping from U; x Us

to U. Thus |U| > |Uy| - |Us|. Hence, if |U;| > |Cy| and |Us| > |Cs], then
U] = |Ur] - |Uz| 2 [Ch] - |Co| = [CL UG
which implies the sub-additivity of GMN’.

2. Let us now consider the parameter SMN’. The reasoning is analogous to the reasoning
for the parameter GMN'. This time U; is the number of Cj-realizable (labeled) samples
of size at most d; and U is the set of (C}LICy) realizable samples of size at most dy + ds.
The main observations is that the union of a C-realizable sample with a C5 realizable
sample yields a (Cy U Cy)-realizable sample so that (S, Ss) — S U S is an injective
mapping from U; x Uy to U. Moreover, if M; is a Cj-saturating matching in (C;, X;)
of cost d; (for i = 1,2), then M given by M (c; Ucy) = Mi(c1) U Ma(cz) is a (Cy L Cy)-
saturating matching. It follows that SMN’ and SMN are sub-additive.
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3. The sub-additivity of the parameters AMN’ and AMN can be shown in a similar
fashion. The only observation that we need, in addition to the previous ones, is the
following: if U; C 2Xix{0.1} {5 4 collection of samples which forms an antichain (for
i=1,2), then U ={S;US,:5; €Uy and Sy € Uy} is an antichain too.

We mentioned already in Example 6.6 that the parameters SMN, SMN’, AMN, AMN’ are not
additive. In order to complete the verification of the entries in Table 2, we still have to show
that GMN' is not additive. Choose both concept classs, C; and Cy, from the (k,n)-family
with k = n+2, i.e., | X;| =nand |C;] = n+2 for i = 1,2. Then GMN'(C;) = GMN'(Cs) = 2.
A simple calculation shows that

(8) () (2)+ (5) - oar e

holds for all n > 3. Hence, assuming n > 3, we have
GMN'(C, U Cy) <3 <4 =GMN'(C}) + GMN'(Cy)

which shows that GMN’ is not additive. This complertes the proof of Theorem 6.7. O

7 A Final Look at the SMIN-GMN-AMN Hierarchy

A combinatorial parameter (associated with concept classes) is a mapping C' — Y (C') which
assigns a non-negative number Y (C) to each (finite) concept class C. Suppose that Y and
Z are two combinatorial parameters. We will write Y — Z if the following hold:

1. For each concept class C, we have that Y (C) < Z(C).

2. The <-relation between Y (C') and Z(C') is occasionally strict, i.e., there exists a concept
class C' such that Y(C) < Z(C).

We say that Y and Z are incomparable if there exist concept classes C7 and C5 such that
Y (Ch) < Z(Cy) and Z(Cy) < Y(Cy). This is the case iff Y # Z but neither Y — Z nor
Z =Y.

In the course of this paper, we have verified various <-relations between combinatorial
parameters associated with concept classes. We will show now, by a series of examples and
remarks, that all these <-relations are occasionally strict so that we arrive at the diagram
in Fig. 1 below.

Remark 7.1. Suppose that Y (C) < Z(C) for each concept class C. Then, if Z is class
monotonic but Y is not, then Y — Z. Specifically, if (C', X) is a class extension of (C, X)
such that Y (C") < Y(C), then Y(C") < Z(C").

Proof. Let (C', X)) be a class extension of (C, X) such that Y (C'") < Y(C). Then Z(C") >
Z(C)>Y(C)>Y(C. O
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Example 7.2. We know already that SMN is class monotonic while SMN' is not. Specifi-
cally, let C = Cyg9 and let C' be obtained from C by adding the all-ones concept. Then, as
we have already shown before, we have that SMN(C") =1 < SMN(C"). Now an application
of Remark 7.1 yields SMN'(C") < SMN(C"). Hence SMN’ — SMN.

Example 7.3. Clearly SMN(P,) > 1. The matching M with

M@©) =0, M({z1}) = {(x2,0)} , M({22}) = {(w2, 1)}, M({z1,72}) = { (21, 1)}

witnesses that SMIN(Py) < 1. Thus SMN(P,) = 1. Clearly GMN(P,) < 2. Consider the
ordering {x1, 2}, {x1}, {x2}, 0 for the concepts in Py and the ordering

(Z)v {<x27 0)}7 {(131, 0)}7 {(1‘1, 1)}7 {<x27 1>}7 {(xlv 0)7 (va O)} s

for the labeled samples over the domain {x1,xs}. The resulting greedy matching M’ is then
given by

M'({zy, 20} =0, M'({21}) = {(22,0)} , M'({22} = {(21,0)} , M'(0) = {(1,0), (22,0)} .

It follows that GMN(P,) > 2. Thus GMN(P;) =2 > 1 = SMN(F,) and, therefore, SMN —
GMN.

Remark 7.4. We know from Theorem 5.2 that GMN(P,) < n for all sufficiently large n.
We know furthermore that GMN'(P,) = n for alln > 1. Hence GMN — GMN'.

Remark 7.5. Suppose that Y, Z,Z" are combinatorial parameters where Z and Z' are in-
comparable and, for each concept class C, we have that Y (C) < Z(C) and Y (C) < Z'(C).
ThenY — Z and Y — 7.

Proof. Pick concept classes C' and C” such that Z(C) < Z'(C) and Z'(C") < Z(C"). Then
Y(C)<Z(C)< Z(C")and Y(C') < Z'(C") < Z(C"). Hence Y — Z" and Y — Z. O

Example 7.6. Consider concept class C = Cy,, with k = 2° for some ¢ > 2 and n >
kE— 1. Since (g) + (T) = 1+4+n >k, it follows that GMN'(C) = 1. It is easy to see

that VCD(C') = RTD(C) = (. It follows that GMN'(C) < min{VCD(C),RTD(C)} and,
therefore, GMN' — min{VCD, RTD}.

Example 7.7. The smallest number d such that Z?:o 2t (?) > 25 equals 2 whereas the small-
est number d such that 2% (g) > 26 equals 3. It follows that SMN'(Ps) = 2 < 3 = AMN'(F).
Thus SMN" — AMN'.

Example 7.8. We know already that AMN is class monotonic while AMN’ is not. Specifi-
cally, let C = Cqg9 and let C" be obtained from C' by adding the all-ones concept. Then, as
we have already shown before, we have that AMN'(C") =1 < AMN'(C'). Now an application
of Remark 7.1 yields AMN'(C") < AMN(C"). Hence AMN' — AMN.

Remark 7.9. We mentioned already in Section 5 that STD,,,(P,) = n is valid for alln > 1
and AMN(P,) < 0.23n is valid for all sufficiently large n. It follows that AMN — STD,,;,.
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Remark 7.10. Suppose that Z; and Zy are incomparable additive combinatorial parameters
and Y is a sub-additive combinatorial parameter which satisfies Y (C') < Z1(C) and Y (C) <
Zy(C) for each concept class C. ThenY — min{Zy, Z,}.

Proof. Pick two concept classes C7 and Cy such that Z;(Ch) < Z3(Ch) and Z3(Cy) < Z1(Cy).
Rename the domain elements (if necessary) such that dom(C;) N dom(Cy) = @). Then

Y(CiUCy) < Y(C)+Y(Cy) < Zy(Ch) + Z5(Cy)
< HllIl{Zl(Cl) + Zl(CQ), ZQ(Cl) + ZQ(CQ)} = min{Zl(C'l L 02), ZQ(Cl L Cg)} .

It follows that Y — min{Z;, Z,}. O

Example 7.11. [t is well known that VCD and RTD are additive. According to Re-
mark 6.5, STD,,;, ts sub-additive. By an application of Remark 7.10, we get STD,,;, —
min{VCD, RTD}.

Example 7.12. We know already that AMN(Pg) = AMN'(Pg) = 3. We claim SMN(FPg) = 2,
which would imply that SMN — AMN. SMN(Fs) = 2 can be shown by matching the empty
set with the empty sample, a singleton set {i} by the sample {(i,1)}, a co-singleton set [6]\{i}
by the sample {(i,0)} and by matching the remaining concepts in Ps by appropriately chosen
samples of size 2. We need to arque that such a saturating matching for the remaining
concepts does exist. To this end consider the bipartite consistency graph (the graph with one
vertex for each concept c, one vertex for each labeled sample S and an edge between them
iff ¢ is consistent with S. Fach concept is consistent with (g) = 15 samples of size 2. Fach
sample of size 2 is consistent with 2* = 16 concepts from Ps, including the empty set as well
as the singleton and co-singleton sets. But, if we exclude these sets, then each sample of size
2 1is consistent with at most 10 of the remaining concepts. Now it is an easy application of
Hall’s theorem to show that all remaining concepts can be matched with appropriately chosen
samples of size 2.

Remark 7.13. We mentioned already in Section 5 that GMN'(P,) = n is valid for alln > 1
and AMN(P,) < 0.23n is valid for all sufficiently large n. Since AMN'(P,) = AMN(P,), it
follows that AMN' — GMN’.

This concludes the verification of the diagram in Fig. 1.

Open Problem. We have left open the question of whether GMN is sub-additive.
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